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An oval V in a finite projective plane 01 of order n is a set of n + 1 
points in c1 with no 3 collinear. A celebrated result due to Beniamino 
Segre [3] is the following. 
THEOREM 1. Let 01 be a finite Desarguesian projective plane of odd order, 
and let V be an oval in 01. Then V is a conic. 
It is the purpose of this note to emphasize how a classical result of 
projective geometry, namely, the theorem of Chasles, helps to understand 
the ingenious proof of Theorem 1 which is offered in [3]. 
Suppose rr is any (Pappian) plane over a commutative field F. Let N 
be a conic in 7. Given any triangle ABC in 7~ we can obtain its polar 
triangle abc by drawing the polars a, 6, c of A, B, C, respectively. It 
seems reasonable to think that the triangles abc and ABC should be 
somehow related to each other. In fact, the theorem of Chasles [I, p. 641 
states that the 2 triangles are either identical or they are in perspective. 
We are interested in the special case when A, B, C all lie on N. The 
polars a, b, c then become simply the tangents to N at A, B, C. The 
triangle ABC and its polar triangle are now distinct, and so will be in 
perspective, by Chasles. However, as the standard proofs of Chasles’s 
theorem are perhaps complicated, we offer below a simple, elementary 
proof for that special case under consideration, as follows: 
THEOREM 2 (Chasles; see Fig. 1). Let rr be a projective plane over a 
commutative field, and let N be a nondegenerate conic in 7~. Let A, B, C be 
3 distinct points on N and denote by a, b, c the tangents to N at A, B, C, 
respectively. Let A’, B’, C’ be the vertices of the triangle formed by a, 6, c 
so that A’ = 6 - c, B’ = c * a, C’ = a * b. Then the lines AA’, BB’, CC’ 
are concurrent. 
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Proof. Let AA’ . BB’ = Z and AB * A’B’ = X. The polar of C’ is 
got by drawing the tangents a, b through C’. Thus the polar of C’ passes 
through X. It follows that the polar of X passes through C’. Since it also 
passes through C, we know that the polar of X is CC’. This implies that 
the harmonic conjugate of X with respect to B, A is Y (not drawn in 
the figure) where Y = CC’ * AB. In symbols we have Y = (B, A)/X. 
Projecting from C’ onto A’B’ we get C = (A’, B’)/X. Recall the con- 
struction of this point (A’, B’)/X [2, p. 521. We may use any 2 lines a, b 
through B’, A’, respectively, and any line XB through X. It follows 
that by joining C’ to Z and intersecting with the base line XB’ we obtain 
(A, B’)/X, which point has already been shown to be C. This proves 
Theorem 2. 
Let us return to Theorem 1, using the notation there. As stated 
earlier, Segre’s proof in [3] is indeed ingenious. However, let us give a 
very rough intuitive sketch of how an amateur might proceed. 
Mini-proof of Theorem 1. Let P be any point on the oval V. Since z-has 
order n and 1 V 1 = n + 1, we can draw a unique tangent from P to V. 
Let A, B, C be 3 distinct points on V, with a, b, c being the tangents to V 
at A, B, C, respectively. Now if indeed V is a conic then (Theorem 2) 
it must be, in fact, is, the case that the triangles ABC and abc are in 
perspective. Now fix A, B and let C vary on V. We have an extra 
geometrical constraint on C since the triangles ABC, abc are in per- 
spective. This yields a quadratic condition on the coordinates of C, 
leading to the result. 
Comments. 1. Note that in the proof of Theorem 2 we have shown 
that ABC, A’B’C’ are in perspective from a point (rather than from a 
line as in [I]). 
2. J. Wilker has indicated to me a pleasant proof of Theorem 2 
as applied to Euclidean plane. It suffices here to consider the case when N 
is a circle. Now the lengths of the tangent segments from an external 
point to the circle N are equal. The result then follows from the converse 
of Ceva’s theorem. 
3. We mention that the analog of Theorem 1 for the 3-dimensional 
space has been proved (by A. Barlotti and G. Panella). It is not incon- 
ceivable that the ideas in the mini-proof above can also be extended. 
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